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We establish a relationship between the derivatives of generalized functions and
the transport theorems for moving surfaces of discontinuity. We study the motion
of a propagating and deforming wave front which itself can have a moving discontinuity on its surface. With the help of the theory of generalized derivatives we
present a general transport theorem which embodies the known results as special
cases. 0 1991 Academic Press, Inc.

1. INTRODUCTION
The transport theorems for moving surfaces have played an important
part in the study of wave motion in various fields of mechanics, physics,
and engineering. These theorems have a long history which goes back to
Reynolds [l] who gave the formula
d
iv,,, f@, t) dt = j-,,, v
2

dr + j

z(r)

f(x,

t)G da

for the rate of change of an integral over a moving and deforming solid
V(t) with boundary L’(t) = al’(t). Here G is the normal speed of the points
on the surface Z(t) and da is the surface element. Subsequently, various
generalizations and variations of this formula have been given, including
the formulas for integrals of fields carrying surfaces of discontinuity as well
as those for integral’s over moving and deforming surfaces. For studying
the rich history of these results, the reader is referred to Ref. [2, 31. These
transport theorems are still attracting the attention of various workers in
the field. We mention, for instance, the recent work by Betounes [4] on
integrals over moving submanifolds of a semi-Riemannian
space and the
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work by Gurtin et al. [5] on integrals over surfaces constrained to move
within a fixed region.
The purpose of this note is to highlight the relationship between the
transport theorems and formulas for the generalized derivatives of discontinuous functions. The fact that the generalized functions provide an
appropriate
framework for studying the integral formulas has been
recognized since the discoverty of these functions [6]. Indeed, as we show
in the sequel, the difficult situations as those arising from constrained
motion can be handled by using formulas for the generalized derivatives of
the functions with jump discontinuities.
Formulas for the generalized
derivatives of functions in one dimension that have jump discontinuities as
well as those for the corresponding functions in higher dimensions are
available [6]. The second-order derivatives of generalized functions and
their interplay with the compatibility
conditions were presented by us [7].
The first-order compatibility
conditions and corresponding derivatives
when the moving surfaces carry a concentrated layer, were given by Costen
[8] by using a classical approach. The first- and second-order compatibility conditions and generalized derivatives for the multilayers were
presented by us [9]. Subsequently, we have presented a very comprehensive generalization giving the general compatibility formulas of all orders as
well as the general formulas of all orders of multilayers [lo].
We achieve our objective by first writing, in Section 2, the analysis for
the Leibnitz formulas for the differentiation of integrals with varying limits
of integration in the language of generalized functions. Then we extend
this analysis to volume integrals in Section 3 and to surface integrals in
Section 4. Section 5 is devoted to the discontinuous integrands on a surface.
This leads us to a general transport theorem. The result given by Gurtin
et al. [S] then follows as a special case.

2. LEIBNITZ'

FORMULA

Perhaps the easiest and the best known transport theorem is the Leibnitz
formula

$ $y)’ j-(x, t) & = lb(<)y
41)

dx +f(Ht),

t) b’(t) -.f(4th

t) a’(t),

(2.1)

for the differentiation of integrals with varying limits of integration. Let us
assume that f(x, t) is C’ in the closed region u(t) <x < b(t) and then
extend this function to all (x, t) by settingf(x, t) = 0 whenever x < u(t) and
x > b(t). Thereby f(x, t) has jump discontinuities at x = u(t) and x = b(t).
Next, recall that the generalized derivative of a function g(x) that is of class
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~=a, is [ll]
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dx
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discontinuity

&(x)

[g] =g(a + 0) -g(a - 0) at

Cgl W-a),

where the overbar denotes the generalized derivative
delta function. In particular

(2.2)

and 6 is the Dirac

dH(x)
= d(x),
dx

(2.3)

where
x<o
x>O’

is the Heaviside function. Observe now that
F(t) = Ib(‘) f(x, t) dx= (f(x, t), I>,,
(2.4)
4,)
where 1 denotes the function of x identically equal to one and (, ),
denotes the evaluation with respect to the x variable. Then

F’(t)= (;f(x,

t), I>,.

But from (2.3) it follows that

;f(x,

t)=;

(f(x, t) H(x-a(t)))

=;rcx,
+f(m

t)-f&t),

H@(t)+

t) a’(t) W-a(N

t) b’(t) W-b(t)),

(2.5)

where we have used the fact that g(t) h(t - a) = g(u) s(t - a). Then from
(2.4) we find that

F’(t) = f f (xv t) -fb(t),

t) a’(t) 4x - a(t))

+f (b(t), t) b’(t) @x-b(t)),
= a;;j’;f(xv
s

t)dx-f(a(t),

which proves (2.1) in an elegant fashion.

1
>x

t)a’(t)+f(b(t),

t)&(t),
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3. VOLUME INTEGRALS
Let .Z’(t) be a smooth moving surface in KY’. We assume that C(t) divides
the space in two parts V, and V_, which we refer to as the positive and
the negative sides of Z(t). Let n = (n,) be the unit normal vector to Z(t)
which points in the positive direction and let G denote the speed of displacement of this surface. Observe that if Z(t) is locally given by a smooth
equation of the form ~(5, t) = 0, then ni = U--‘(&/8xi),
-G = U--‘(au/at),
where U= \Vul = [(&~/~x,)(~u/~x,)]
1’2 and i is summed.
Let g(x, t) be a function with a jump discontinuity across C, but of class
C ’ in V, and V_ . Let [g] = g, - gP denote the jump. Then the
generalized time derivative of g is given as [7, 1 I ]

5 Ax, t) =$ Ax, t) - GCgl ~(~(t)L

(3.1)

where s(Z(t)) is the delta function with support on the surface. Suppose
now that f(x, t) is a sufficiently smooth function defined in a moving solid
v(t) and assume that its boundary al’(t) is a smooth moving hypersurface
Z(t). Let

F(t) = j,,,, f(x, t) 4

(3.2)

and set v(t) = V, , lfY\ r(ct) = VP, so that n is the outward normal. Extend
f(x, t) to all R” by setting f(x, t) = 0 in VP. Then, since

F(t) = <f($ t), I>,?
formula (3.1) yields

F'(r)=(;f(?-.
a
‘ati

t), 1>,

f(x, t) - WI

W(t)), 1

Thus

where we have used the fact that [f] is equal to the negative of the
boundary value off from the inside of P’, i.e., [f] = -f _ For obvious
reasons we have denoted fP as f in (3.3).
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4.

SURFACE INTEGRALS

We now consider the transport theorems for
surfaces and follow the notation of the previous
denotes a moving and deforming surface with unit
Let f(x, t) be a quantity defined only on the moving
b-derivatives off are defined as [7, 111

integrals over moving
section so that Z(t)
normal n and speed G.
surface Z(t). Then the

(4.la)
(4.lb)
where 7 is an extension off to R” x R. It can be shown that [7, 1l]

(4.2)
where { ui, Y’, .... unthe first fundamental
If f is a function
function (distribution)
Z. Its time derivative

i > is a Gaussian coordinate system for Z(t) and gaB is
form of the surface.
defined only on the surface Z(t) then the generalized
f 6(C) is called a simple layer carried by the surface
is given as [9, 1l]

where pr = (&z,/~x,) = -252 and 52 is the mean curvature of the surface,
and where fG &6(Z) is a simple layer distribution.
In general, the
Nth-order multilayer distribution f d,NG(C) is defined as [lo]

for the test functions 4 E g( R” x R), the infinitely
with compact support.
In the next stage we set

differentiable

functions

(4.5)
or

(4.6)
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ON A SURFACE

The transport theorem (4.7) as well as the derivative formula (4.3)
remains valid if f is discontinuous or, more generally, if f is a generalized
function on C(t). The derivative df/st must be replaced as the distributional
derivative 6f/6t in that case.
In particular, suppose f is of class C* on C except for a jump discontinuity across the (n - 2)-dimensional moving submanifold d(t) of C(t). Let
4x1 ) ...) x,, t) = 0

(5.1)

be the equation of d(t). Then, if V = {&/&z,, 6u/&,) “* > 0, we have [9]
(5.2)

where

and where [f ] is the jump off across A. Therefore (4.3) takes the form

~~fa(zN=(~

+~lGf ) ~(~)-wtEfl

~(d)-fG4,4.0

(5.4)

where we have used the fact that 6(d) 6(C) = 6(d).
Formula (5.4) can be rewritten in a different way as follows. Let Z(t)
be the moving surface in R” defined by Eq. (5.1). Let ,v= (vi) be the unit
normal to r(t) and let H be its speed of normal displacement. Observe that
d(t) = r(t) n Z(t) and the assumption that V> 0 means that the angle
8 = arc cos(n ._v) between r and C does not vanish.
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Since
g=

,Vul vi,

I

;=

-W

(5.5)

I-4

it follows that
g=

lVul (vi--OS

en,),

I

2 = /Vvl (G cos 8 - H),

(5.6)

and so V= JVvl sin 0 and
w,=Hcsce-Gcote.

(5.7)

It follows from (5.4) that we have the following transport theorem

zd jzcfjf(x,

t) do(“)=jzcl,

($+p&f)

do+ jActJCfl(Gcot

e-Hcsc@ds.
(5.8)

In particular, suppose Z,(t) is the portion of L’(t) within the positive
region bounded by r(t). By extending f as zero on the rest of Z(t) we find
that (5.8) readily yields
da+

j~(,,f(Gcot8-HcscB)ds.

(5.9)

As a special case we recover the transport theorem of Gurtin et al [S]
of a moving surface ZO(t) evolving within a fixed solid W with 8,X,, E a W.
This corresponds to the case when r(r) does not move, that is, r(t) = W
for all t. Then H = 0 and (5.9) yield

which agrees with their result. (They write cot 0 = p(1 -P’)-~‘~,

where

p=_v .n).
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